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Abstract. We prove surjectivity of the comparison map from continuous 
bounded cohomology to continuous cohomology for Hermitian Lie groups with 
finite center. For general semisimple Lie groups with finite center, the same 
argument shows that the image of the comparison map contains all the even 
generators. Our proof uses a Hirzebruch type proportionality principle in 
combination with Gromov's results on boundedness of primary characteristic 
classes and classical results of Cartan and Borel on the cohomology of compact 
homogeneous spaces. 



1. Introduction 

Let G be a connected semisimple Lie group without compact factors. G is called 
Hermitian if the symmetric space associated with G admits a G-invariant complex 
structure. We denote by iJ*j,(G;IR) the continuous bounded cohomology ring of 
G and by H'{G;R) the continuous cohomology ring of G, both with trivial real 
coefficients (see [201 14] or Sections 14.11 and |4 . 2 1 for the definitions). These two rings 
are related by a natural comparison map 7J*{,(G;R) iJ*(G;R) Def. 9.2.1]. 
The purpose of this article is to prove the following result. 

Theorem 1. Let G be a connected semisimple Lie group without compact factors 
and with finite center. If G is Hermitian, then the comparison map iJ*j,(G;M) 
-ff'(G;M) is surjective. 

Our methods still apply if the condition that G be Hermitian is dropped, albeit 
with a weaker conclusion. In this case one has to distinguish between even and odd 
generators of H*{G;R) (see Section [2] for the definitions). 

Theorem 2. Let G be a semisimple Lie group with finite center and without com- 
pact factors. Then the subring of H*(G;M.) generated by the even generators con- 
sists of bounded classes. 

We will see in Section [2] that Theorem [2] implies Theorem [TJ 

Before we turn to the proofs of the theorems, let us explain their context. Con- 
tinuous bounded cohomology of locally compact groups was introduced by Burger 
and Monod [8] as a tool to compute the bounded cohomology groups in the sense 
of Gromov [13j of compact locally symmetric spaces of the non-compact type, and 
has found applications beyond that purpose in recent years [211 [7]. Burger and 
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Monod obtained a complete understanding of continuous bounded cohomology of 
connected Lie groups in degree 2. More precisely, they showed the following. 

(i) If G is a connected Lie group with radical R{G), then 

Hl{G;R)^HliG/R{G);R). 

This reduces the computation of iJ^j,(G';M) to the case of semisimple Lie 
groups with finite center. Similarly, one can eliminate compact factors. 

(ii) If G is a connected semisimple Lie group without compact factors and with 
finite center, then the degree 2 comparison map _ff^j(G;R) H^{G;M.) is 
an isomorphism. Since H^{G; M) is well-known, this allows one to compute 
-ff^j(G;R) for arbitrary connected Lie groups. 

One would like to prove a similar result for higher degree bounded cohomology 
groups. While the reduction step (i) is based on amenability methods and hence 
works in arbitrary degree, the key ingredient in the proof of step (ii) is double 
ergodicity, which does not have any analog in higher degrees. A higher degree 
generalization of step (ii) would therefore require methods different from those 
used by Burger and Monod. Nevertheless, it is commonly believed that such a 
higher degree generalization exists [U Conjecture 16.1], [21,. 

Conjecture. If G is a connected semisimple Lie group without compact factors 
and with finite center, then the comparison map iJ*jj(G;M) iJ*(G;M) is an 
isomorphism. 

While the injectivity part of this conjecture is rather new (apparently first sug- 
gested in [2Tj), the surjectivity part goes back to a 30 years old question of Dupont 
im Remarks]. In fact, Dupont even suggests an explicit candidate for a bounded 
cocycle in a given cohomology class, namely the unique cocycle in the image of the 
van Est map. This stronger form of the conjecture was verified by Dupont himself 
in degree 2 jlTj, but is still open in higher degree. Theorem [1] may be regarded as a 
positive answer to the cohomological version of Dupont's conjecture for Hermitian 
Lie groups. 

In Section [2] we give an outline of the proofs of Theorem [1] and Theorem [2j The 
organization of this article will be described at the end of that section. 

Acknowledgments. We are grateful to Marc Burger for pointing out reference 
[2] and, in particular. Proposition 12.31 to us. While working on the proof of The- 
orem [1] we learned from Michelle Bucher-Karlsson that a similar theorem should 
be true for certain even-degree classes in arbitrary semisimple Lie groups. We are 
indepted to her for this suggestion, which led us to discover Theorem[2] The second 
author would like to thank the Department of Mathematics at Rutgers University 
for their hospitality and excellent working conditions. 

2. Outline of the proof 

In this section we outline the proofs of Theorem [T] and Theorem [2l 

Let G be an arbitrary semisimple Lie group with finite center and without com- 
pact factors. The main technical result of this article is Proposition 12.21 below, 
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which exhibits an identification of two a priorily difi'ercnt maps between the sin- 
gular cohomology H* {BG; M.) of the classifying space BG of G and the continuous 
group cohomology H*{G;R) of G (see Section HTTl for the definition of continuous 
group cohomology). 

The first of these maps is characterized by a universal property and will therefore 
be referred to as the universal map 

aa: H'{BG;R) — > H*{G;R). 

In order to define ac , we first recall that for any discrete group F there is a natural 
isomorphism or: H*{Br;M.) H'{r;R) (see Section g^]) . Then ctg is defined 
to be the unique extension of the family {ar} to a natural transformation, that 
is, the unique map such that for every discrete group T and every representation 
p: T G, the diagram 

H' {BG; R) (G; R) 

{Bp)' p- 

H' {BY; R) H' (F; R) 

commutes. We will prove in Section [4. II that the universal map aa actually exists. 
It is related to the question of boundedness of classes in the continuous cohomology 
of G by the next proposition, which is an immediate consequence of Gromov's 
result on boundedness of primary characteristic classes [13) and will be proved in 
Section lO 

Proposition 2.1. The image of the universal map ac '■ H*{BG;M.) H'{G;M.) 

is contained in the image of the comparison map i?*j(G;R) — > H*{G]R). 

We shall compare the universal map ac to the geometric map 

Tg- H'{BG;R) — >H^{G;R) 

that is defined in terms of explicit geometric data in the following way. Recall that 
H'{G] R) gets identified via the van Est isomorphism with the singular cohomology 
of the compact dual symmetric space of G (see Section [Q]) . Here Xu = Gu/K, 
where if is a maximal compact subgroup of G, and G„ is the compact dual group 
of G (see Section [3|). Then the geometric map is defined by 

To: H'{BG;m.) 9^ H'{BK;R) ^ ii*(A'„;R) 9^ i?'(G;R) (2.1) 

in terms of the classifying map fc^ '■ — > BK of the canonical iiT-bundle G„ — > X^- 
The next proposition provides the desired identification between the universal and 
the geometric map. 

Proposition 2.2. Let G be an arbitrary semisimple Lie group with finite center 
and without compact factors. Then the universal map ac ■ H'{BG;R) — > -ff*(G;R) 
and the geometric map Tq : H'{BG;R) — > -ff*(G;R) agree up to sign. 

We will prove Proposition 12.21 in Section [6] 

We now come to the proof of Theorem [2l Let us denote by fc^ ■ Xu — > BK the 
classifying map of the canonical if-bundle pa^ ■ Gu — > Xu over the compact dual 
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symmetric space of G. By [91 Sec. 10], there is an isomorphism of algebras 

H' {X^ ■ M) - H' [BK- R) ® p*a^ H'{X^; R) 

which intertwines p^^ with the projection onto the second factor. We obtain from 
this identification generators for the cohomology ring H*{G;M.) = i?'(A'„;R) in 
the following way. The singular cohomology ring H*^^g{K;M.) is a Hopf algebra 
and is therefore generated by odd degree primitive elements [15'. These primitive 
elements give rise to even degree generators of H* {BK;M.) via trangression in the 
universal i^-bundle. Taking only those generators of H'{BK-,M.) that are mapped 
non-trivially under we then obtain generators of the first factor of iJ*(A'„;]R). 
These generators are unique up to real multiples and we shall refer to them as 
even generators of H'{Xu;'R). The second factor M) C -ff'j„g(G'„; M) is 

generated by certain primitive elements lying in the image of the trangression map 
of the universal G„-bundle. We will call these primitive elements the odd generators 
of H*{Xu;M.). (We refer the reader to |9] and [2] for details.) Now, by definition, 
H*{G;M.) is generated by the even and odd generators, and the image of the map 
/q contains all even generators. Hence we see from (|2.ip that all even generators 
of H'{Xu;M.) are contained in the image of the geometric map Tq and hence, by 
Proposition l2.21 also in the image of the universal map ac- They are thus bounded 
by Proposition [2T1J This proves Theorem [2l 

We close this subsection explaining how Theorem [1] follows from Theorem [5] By 
[9l Sec. 10], the number of odd generators of iJ*(A'„;M) is given by rk(G„) —ik{K). 
Whence /^^ is onto if and only if rk(Gti) — rk{K). The next proposition shows 
that this condition is always satisfied if G is Hcrmitian. 

Proposition 2.3. Let G be a Hermitian semsimimple Lie group without compact 
factors and with finite center, let K he its maximal compact subgroup, and let Gu 
be its compact dual. Then rk(Gu) = ik{K). In particular, H'{G;M.) is generated 
by its even generators. 

Proof. This follows form the structure theory of Hermitian Lie groups [T51 Chap- 
ter VH.9]: Namely, if G is Hermitian, then its Lie algebra g admits a compact 
Cartan subalgebra f) C 6. By definition this means that f)0CcgOCisa Car- 
tan subalgebra. But since g (8) C = 0„ C this implies that i) C 0„ is a Cartan 
subalgebra as well. Hence ihR{K) = dimi) ~ rkR(Gti). □ 

Theorem [T] is now an immediate consequence of Theorem [2] and Proposition [231 
Note that, for general semisimple Lie groups G, the subring of H'{G; R) generated 
by the even generators may be quite small. For example, for G — SL{n,M.) it is 
generated by the Euler class and does not contain any stable classes. 

The remainder of this article is organized as follows. In Section IH we show exis- 
tence of the universal map ctg and prove Proposition 12.11 Section [5] then provides 
a generalization of Hirzebruch's proportionality principle |14| . which will play a 
central role in the proof of Proposition 12.21 in Section [6l 

Throughout this article we will frequently make use of an auxiliary lattice T in 
G. The role of this lattice will be discussed in the next section. 



SURJECTIVITY OF COMPARISON MAP 



5 



3. The role of the auxiliary lattice 

Let G be a semisimple Lie group with finite center and without compact factors. 
Throughout this article we shall use the following notation. We fix a maximal 
compact subgroup K of G. Writing q and 6 for the Lie algebras of G and K, 
and denoting by p the Killing orthogonal complement of t in g, we have a Cartan 
decomposition g = 6 © p. This yields an identification of the tangent space TgX 
of the symmetric space X = G/K of G &i the basepoint o — eK with p. By 
definition the compact dual group G,j of G is the analytic subgroup of the universal 
complexification Gc of G with Lie algebra 0^ := t © ip. Its homogeneous space 
Xu ■= Gu/K is called the compact dual symmetric space of X. Its tangent space 
Tqu'^u the basepoint o„ = eK then gets identified with ip. 

The assignment X i-^ X^ gives rise to a duality between Riemannian symmet- 
ric spaces (without Euclidean factors) of the non-compact and compact type [16j . 
However, this duality is not directly refiected in cohomology, since X is contractible 
and so H*{X; M) is trivial. To overcome this problem, we fix a cocompact lattice F 
in G and consider the locally symmetric space M := r\X instead oi X. As we shall 
see in Section [SI the cohomology rings of M and X^ do reflect the duality between 
X and Xu- This will be made precise in the generalized Hirzebruch principle of 
Proposition 15.41 It will be convenient to choose F torsion- free so that M becomes 
a manifold. 

Note that the group cohomology of F is canonically isomorphic to the singular 
cohomology of the manifold M. The next lemma shows that, by our assumptions, 
this cohomology ring contains the continuous cohomology ring of G. 

Lemma 3.1. Let T be a torsion-free, cocompact lattice in G and let us denote by 
ir : F > G the inclusion. Then 

L^: H'iG;M.) — > H*(T;M.) = ff*(Af;R) 

is injective. 

Proof. A left inverse of if is given by the transfer map [20], which on the level of 
cochains is given by 

T" : C(G"+i)^ ^ CiG"+^f, f^L 
where / is given in terms of the G-invariant probability measure on G/F by 

Rgo,---,9n)^ / figgo,..., ggn)dn{g). 
Jg/v 

□ 

The lemma will later allow us to carry out computations in cohomology using 
concrete harmonic differential forms on M rather than abstract cohomology classes. 
Moreover, it gives rise to the following characterization of the universal map ac- 

Corollary 3.2. Let G be a semisimple Lie group without compact factors and 
with finite center and let T be a torsion-free, cocompact lattice in G. Denote by 
ir : F ^ G the inclusion. Let a: H'{BG;M.) i?*(G;R) be a homomorphism. 
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Then a agrees with the universal map ac if and only if the diagram 

H' {BG; R) -^-^ HI (G; K) 

(BltY i'r 

H' {BY; R) H' (F; R) 

commutes. 

Proof. The existence of the diagram follows from the universal property of ctg . Con- 
versely, the diagram determines a uniquely since the right down arrow is injective 
by Lemma [01 □ 

We now fix a cocompact, torsion-free lattice F in G once and for all. All subse- 
quent arguments will be independent of this choice. 

4. The image of the universal map 

The aim of this section is to give an explicit construction of the universal map 
(Tg : -ff*(i3*G;R) — > i?*(G;R), whose existence we postulated in Section[21 and to 
deduce Proposition 12.11 from Gromov's results on boundedness of primary charac- 
teristic classes [T3] . 

4.1. Existence of the universal map. For an arbitrary Hausdorff locally com- 
pact topological group G, the continuous cohomology H*{G;M) of G with real 
coefficients is defined as the cohomology of the complex (G*(G; R), d), where 

n 

G':{G; R) G(G"+\ M)«, df{go, . . . , g„) = ^(-l)7(5o, ■■■,g^,■■■, 9n). 

i=0 

Here G(-, M) stands for real- valued continuous functions and {—)^ denotes the func- 
tor of G- invariants. Dropping the continuity requirement on the cochains we obtain 
the usual group cohomology i7*(G;R). Thus, if G^ denotes G equipped with the 
discrete topology, then by definition 

H'{G;R) = H^{G^;R). 

An important difference between continuous cohomology and ordinary group co- 
homology is that the latter has a direct geometric interpretation. Namely, if BG^ 
denotes any classifying space for G*, then iJ*(G;R) = H*{BG^;R). However, it is 
in general not true that H*{G;R) ^ H*{BG;R). 

There are various ways to understand the difference between the groups H*{G: R) 
and H'{BG;M.). The classical point of view is to consider H*{G;M.) as relative 
cohomology groups on a space with two topologies; this was pioneered by Bott [S] 
and developed further by M. A. Mostow We will take a different point of view 
here, which is inspired from groupoid cohomology [23j . Namely, given a Hausdorff 
topological group G we define a topological simplicial object G, by G„ := G", 
n > with the usual face and degeneracy maps as described in [TOl p. 76] (where 
G, is denoted iVG(»)). In order to avoid technicalities we will assume that G is 
either a Lie group or a (not necessarily countable) discrete group. Then the fat 
geometric realization B^G ||G,|| of G, is a model for the classifying space of G, 
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and this model is functorial. In fact, it coincides with the Mihior model [19]. On 
each of the spaces G„ we can consider the sheaf R of locally constant real valued 
functions and the sheaf C° of continuous real valued functions. Since these sheaves 
are compatible with the face and degeneracy maps, we obtain sheaves R and C*^ 
over the simplicial space G, . (For the notion of a sheaf over a simplicial space see 
[23l Sec. 3].) We can thus form the corresponding sheaf cohomology groups. Now 
the sheaf R admits a flabby resolution 

R^C° ^ ... 

by the sheaves G* of singular real q-cochains (i.e. for J7„ C G„ the group G^(L/„) 
consists of singular real q-cochains in L/„.) Hence 7J*(G,;R) is the cohomology of 
the total complex associated to the double complex {G'(Gn)}. Then [lOl Prop. 5.15] 
applies and we obtain 

H*{G,;R) ^ H'{\\G.\\;R) ^ H'{B,G;M.). 

On the other hand, the sheaves G" on G„ are flabby, hence acyclic, and thus 
the double complex computing iJ*(G,;G°) collapses to the inhomogeneous bar 
resolution for _ff*(G;R). This implies 

H'{G.;C°) ^H^{G;R). 

In particular, the inclusion i : R — s- G*^ of sheaves induces a map 

ac ■ H'{BM;R) = H'{G.;R) ^ H'{G,;G°) ^ i/*(G;R). (4.1) 

We can think of this map as follows. The complex which computes H'{G;S.) = 
H*{G,;G'~') is the 0-th row of the double complex {G''(G„)} which computes 
-ff*(-B*G;R). The map ac is then induced by the projection maps 

G''{Gp)-^C°{G^). 

p+q=n 

Let us spell out the naturality property of ctg explicitly. G ^ B^,G ^ H*{B^G; R) 
and G i-^ H'{G;M.) define two functors on the category formed by Lie groups and 
discrete groups with the obvious morphisms, and ctg is a natural transformation 
between these functors. Moreover, if T is discrete, then every continuous function 
is locally constant, whence the sheaves R and C'^ on F, coincide, so that ar is an 
isomorphism in this case. 

We have thus shown that ac has the universal property used to define the univer- 
sal map in Section O By Corollary 13.21 this property characterizes ctg uniquely, so 
that we may indeed refer to (Tg as the universal map from H*{B^G; R) to H'{G; R). 

4.2. Gromov's boundedness theorem. We claimed in Section [5] that Proposi- 
tion 12.11 is a direct consequence of Gromov's results on boundedness of primary 
characteristic classes [13]. We shall now make this precise. 

We begin by recalling the necessary background on bounded cohomology. For an 
arbitrary locally compact Hausdorff topological group G, the continuous bounded 
cohomology ring i?'j(G;R) of G is defined as be the cohomology of the complex 
(G*j(G; R), d) of continuous bounded functions, where 

n 

G:,{G, R) := G6(G"+\ R)«, d/(<7o, • ■ • , 5„) = 5](-l)7(3o, ■■■,g.,---, 9n). 

i=0 
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If r is a discrete group, we drop the subscript c from notation, writing i7*(r;M) 
and H'{T;R}. In this case, the groups H*{r;R) are precisely Gromov's bounded 
cohomology groups from [131. The generahzation to topological groups is due to 
Burger and Monod [8J . Its basic properties are summarized in [20j , from which we 
recall the following facts. Firstly, the inclusion of complexes 

{C:,{G;m),d)^{C:iG;R),d) 

induces a comparison map 

c^:ff:,(G;K)— >F:(G;R) 

which is natural in G. Secondly, if _ff C G is a subgroup of finite covolume then 
there exists a bounded transfer map 



H:,{G;R) 



and 



which provides a left-inverse to the restriction map iJ*^(G;M) 
on the level of cochains is given by the same formula as the usual transfer map 
defined in the proof of Lemma |3. II above. 

We now return to the case where G is a semisimple Lie group without compact 
factors and with finite center, and denote by G* the discrete group underlying 
G. We denote by i?* a functorial model of the classifying space (say, the Milnor 
model) and consider the map B^Lqs : B^G^ — > B^G induced by the continuous 
map lqs : G^ ^ G. The elements in the image of the map 



I) 



are called primary characteristic classes. The following result of Gromov ensures 
that primary characteristic classes are bounded. 

Theorem 4.1 (Gromov [13]). Every primary characteristic class lies in the image 
of the comparison map c^^ : H^{G^;R) i?'(G*;M). 

For an alternative approach to Theorem 14.11 we refer the reader to [HI, where a 
stronger version of the theorem is proved. 

We are now ready to prove Proposition [2T] We shall be using the (torsion- free, 
cocompact) auxiliary lattice F in G introdcued in Section [3l 

The inclusion tr : F ^ G factors as tr — ^tS o tp, where '■ T G^ and 
Lg : G^ ^ G. Then the universal property of the universal map ac yields the 
following commutative diagram: 



H',{G';] 

(4)* 

h:,{g-] 



F*(G;M) 



H'{G^-\ 

(4)* 

T' 

■H^{G;] 



H'{B,G; 



■H'(BM^ 
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Thus if a lies in the image of the universal map ac, then t^a is a primary char- 
acteristic class. By Theorem 14.11 we thus find /3 e iJ*(G"';R) with L*ga — c^siP)- 
Then commutativity of the diagram yields 

a = T-(.fa) = T- o (4)* (4") - T' o (4)* (44/5)) = c^(r- o ,*(/?)), 
that is, a lies in the image of the comparison map Cq. 

5. Duality and cohomology of symmetric spaces 

In this section we recall the van Est isomorphisms, which relates the continuous 
cohomology of a semisimple Lie group G to the singular cohomology of its compact 
dual symmetric space Xu- The latter is then related to the cohomology of the 
locally symmetric space M of the fixed auxiliary lattice F in G by means of a 
generalized Hirzebruch proportionality principle. We emphasize that while the 
classical Hirzebruch proportionality principle [14] and its generalizations |17| relate 
characteristic numbers of bundles over to characteristic numbers of bundles 
over M, our generalization provides a relation for characteristic classes of arbitrary 
degree. 

5.1. The van Est isomorphism. Throughout this section, G denotes a semisim- 
ple Lie group without compact factors and with finite center. Moreover, we denote 
by ir : r ^ G the inclusion of the fixed auxiliary lattice T, and by M := r\A' 
the associated locally symmetric space. We will again be considering the groups 
ff"(G;IR), but from a point of view different from the one of the last section. 
Namely, we will take the point of view of [4], thinking of HJ}{G; M.) as derived func- 
tors rather than as sheaf cohomology groups of a simplicial manifold. Accordingly, 
we can use any s-injective resolution 

0->R^ AO ^ Ai ^ ... (5.1) 
in order to compute H'{G;M.) as the cohomology of the complex 

(^A"f^{Aif^... (5.2) 

of G-invariants (see [3^, p. 261]). In fact, there exists a continuous chain map, 
unique up to G-chain homotopy, from the complex (|5.ip into the augmented ho- 
mogeneous bar resolution, which identifies the cohomology of ()5.2|) with H*{G;M.). 
The complex (|5.1|) is also F-injective, whence there exists an isomorphism between 
the cohomology of the complex 

{Ar^iA.f^... (5.3) 

and i7*(F;R). Via these isomorphisms the map : iJ*(G;R) iJ*(F;R) is 

intertwined with the inclusion map {An)'~^ ^ (An)^ . 

Now, for the symmetric space <Y of G 

M ^ n^{x) ^n\x) ^ ... 

is an s-injective resolution [41 Prop. 5.4]. Using the fact that G-invariant forms on 
X are harmonic, we thus obtain an isomorphism 

il^: n'{Xf = H'{n'{Xf,d) i/:(G;K), 
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called the van Est isomorphism (see [12] for an explicit description of this map on 
the level of cochains). 

A more algebraic model of the space n'{X)^ can be obtained as follows. Since 
the action of G on A" is transitive, any G-invariant differential form uj G n'{X)'~^ is 
uniquely determined by its value cuo at the base point. We thus have an isomorphism 

The right hand side actually is the (g, X)-cohomology H'{g, K;R) with trivial 
coefficients. This (g, if)-cohomology has the following interpretation in terms of 
the compact dual symmetric space of G: Identify the singular cohomology groups 
of Xu with the de Rham cohomology groups H' (V,' (X^) , d') . Now any differential 
form on Xu can be made Gu-invariant by integration, and this integration does not 
affect the cohomology classes of closed forms. Moreover, G„-invariant forms are 
automatically harmonic. Thus Hodge theory provides an isomorphism 

H'{n'{x^),d')^H'{n'{x^f-,d')9^n'ix^f-, (5.4) 

where f2'(A'„)*^" denotes the subcomplex of G,i-invariant forms. Furthermore, re- 
stricting G„-invariant forms on Xu to the basepoint o„ we obtain an isomorphism 

n'iXuf-^[/\'T:^XuY =[/\'itpry\ iu^iUo^ (5.5) 

which identifies Gu-invariant forms on X.^ with if-invariant anti-symmetric multilin- 
ear forms onip. The linear map t: p — > zp, X i— > iX then induces an isomorphism 

(/\•(^p)*)'^ -^(/yv)"" (5.6) 
which acts on n-linear forms by 

(l* a){Xi, . . . ,Xn) = a{iXi, . . . ,iXn), Xi, . . . ,X„ e p. 
We have thus obtained an isomorphism 

H'iXu;R) = [/\'p*Y 

realizing the (g, /i')-cohomology groups in question as singular cohomology groups 
of Xu- In particular we obtain isomorphisms 

^g: H'{Xu;R) ^n'{Xf (5.7) 

and 

*G :-^£;o$g: H'{Xu;R) ^ H:{G;R). (5.8) 

Here the isomorphism $g is completely explicit on cochains. We will now relate 
these isomorphisms to the auxiliary lattice F and the associated locally symmetric 
space M — r\X. Recall at this point that F is assumed to be cocompact and 
torsion free. We denote hy it: X ^ M the canonical projection and observe that 
the image of the inclusion n*{X)'^ ^ ^^ci('^)^ - ft'{M) consist of closed forms. 
In particular, we obtain a push-forward map 

TTr.fl'iX)'^ — >H*{M;R). (5.9) 

Since the inclusion tr : F ^ G induces the restriction map Lp : H' (G; R) H* (F; R) , 
we have thus proved the following proposition. 
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Proposition 5.1. If im ■ H'i^{M;R) H'{T;R) denotes the canonical isomor- 
phism, then the diagram 



H'iV; 



commutes. 



The generalized Hirzebruch proportionality principle will be formulated in terms 
of the homomorphism $r : i?'(A:'„;M) H*{M;R) defined by 

$r :=7r!o$G: i?'(A'„;R) — >H'{M;R). (5.10) 

It will thus be convenient to have the following reformulation of Proposition l5.ll 

Corollary 5.2. The diagram 

<I>r 



H'{T; 



commutes. 



5.2. Characteristic classes of principal bundles. In this subsection we collect 
some basic facts from Chern-Weil theory, that is, the theory of characteristic classes 
of principal bundles over smooth manifolds. We follow the exposition in [10 . 

Let BK denote a classifying space for the compact Lie group K. The elements 
of H*{BK;M.) are characteristic classes of principal /T-bundles. More specifically, 
given a smooth manifold X and a principal JiT-bundle P — > X with classifying map 
fp-.X^ BK, any characteristic class c G H'{BK; M) gives rise to a corresponding 
characteristic class 

c{P) ■.= rpceH'{X;R) 

of the bundle P. For any connection 1-form A G ^^{P, i) on P, its curvature 2-form 
Fa G r2^(P, 6) is given by 

FA=dA 

Here [A A A] denotes the 2-form defined by 

[AaA]{v,w) = [A{v),A{w)] - [A{w),A{v)] =^ 2 [A{v) , A{w)] 

for tangent vectors v,w on P. The curvature form Fa is horizontal and thus 
descends to a 2-form 

FAen^x,Pit)) 

on X with values in the adjoint bundle P{i) := Pxxi- Recall that K acts on 
the space S''{t*) of symmetric fc-multilincar functions on t via the diagonal adjoint 
action. We denote by C S'^{i*) the subset of those functions that are invari- 

ant under this action. Given a i^- invariant symmetric function / G l'^{t*) and a 
connection 1-form A G ^^{P, i), we obtain a well-defined closed 2-form 

/{Fa,- ■■ ,FA)e n^iX) 



\[AAA]. 
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on X which then defines a class in H^^{X). We now have the foUowing lemma (see 
Theorem 8.1 in flOJ: 

Lemma 5.3. Let K be a compact Lie group. 

(i) There are no characteristic classes of principal K -bundles in odd degree, 
that is, 

H^''+\BK;M.) = {0} 

for all k>0. 

(ii) For every characteristic class c G H'^^{BK\M) there exists a unique f G 
/'^(6*) such that the following holds. 

For every principal K-bundle P X over a compact smooth manifold 
X and every connection 1-form A G il^{P,t) with curvature form Fa G 
fl'^ {X ; P (t)) , the corresponding characteristic class c{P) G H'^(X;M.) of 
the bundle P gets identified with the class 

[f{FA,--- ,FA)]eHj^{X) 

under the de Rham isomorphism. 

5.3. Duality of characteristic classes. The symmetric spaces X and Xu come 
along with canonical principal A'-bundlcs 

G^X = G/K, Gu^Xu = Gu/K. 

The former bundle further descends to a principal i^-bundle 

r\G — > M = T\X 

over the locally symmetric space M . As we have seen in Section 15.21 above, any 
characteristic class c G H'^^{BK;W) yields corresponding characteristic classes 

c(r\G) G H'{M;R) and c(G„) G H'{Xu;R) 

of the canonical iiT-bundles r\G M and Gu — > Xu, respectively. The following 
proposition gives an explicit relation between these classes. 

Proposition 5.4. Let k > 0, and let c G H'^''{BK;M.) be a characteristic class. 
Then the corresponding characteristic classes of the canonical K -bundles Gu —>■ X^ 
and r\G — > M are related by 

<i>r(c(G„)) = (-lf-.c(r\G), 

where <I>r : H'^''{Xu;R) H'^''{M;R) is the homomorphism ^STTW- 

Proof. We will prove the claimed relation by unraveling the definition of the homo- 
morphism <i>r given in Section [5. II above . using the results from Chern-Weil theory 
discussed in the previous subsection. 

First of all, we introduce appropriate connection 1-forms on the bundles T\G — > 
M and G„ — > Xu- Let us denote by 9c & fl^{G;g) and 9c,, G f2^(G„;0„) the left 
Maurer-Cartan forms on G and G„ respectively, and denote by 

TTc : = t © p — >i, ttJ' : flu = t © i p >t 

the canonical projections. Then 

A:=7rto9ce n\G]i) 
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defines a connection l-forin on the bundle G ~^ X. This form is invariant under 
the action of the auxihary lattice F in G and hence descends to a connection 1-form 
A e n^{T\G; t) on the bundle r\G ^ M. Likewise, 

defines a connection 1-form on the bundle Gu Xu- 



Now we are ready for the actual proof of the proposition: Let c G H'^^{BK\M.) 
be a characteristic class and denote by / G /'^(fi*) the corresponding fc- multilinear 
invariant function on t as in Lemma 15.31 By Lemma 15.31 the characteristic class 

c(G„) Gi?''^'(^„;K) 

is represented as a class in de Rham cohomology by the closed form 

Since the Maurer-Cartan form Oq^ G f2^(Gu;6) is Gu-inavariant, it follows that 
the connection 1-form A„ G Vl^{Gu \ 6) and hence also the form /{Fa^,, • • ■ , Fa^) G 
r2^'^(A'„) on Xu is G„-invariant. Thus the class [/{Fa^, • ■ ■ , is mapped under 

(|5.4|) to the invariant form 

f{FA^,...,FAjen^HXuf-. 

Restricting this form to the basepoint o„ we see that it gets mapped further under 
(15.51) to the if-invariant 2fc-linear form 



(/(F^„,...,F^J)^ G (/\2'=(^p)*) 



K 



on ip. In order to figure out the image of this form under the isomorphism ()5.6 
we use the following fact. 



Claim. 



We will prove the claim by a direct calculation. First, we note that it follows 
from the definitions in a straightforward way that, for iXi, . . . , iX2k E ip = To^Xu, 
we have 

{f{FA^,...,FAj)^JtXi,...,lX2k) 

= (~l)''/((-^-Aje(i^o-(l),«^o-(2)), ■ • ■ , (-FA„)e(«^^(2fe-l),«^a(2A;)))> 

where e G G„ is the unit element. On the left hand side of this identity we regard 
Fa^ as a form on Xu whereas on the right hand side we regard it as a form on G,j. 
Likewise, for Xi, . . . , X2k G p = TqX we have 

{f{F^,...,F^)UX,,...,X2k) 

where e G G is the unit element of G. Again, on the left hand side of this identity 
F^ is regarded as a form on X whereas on the right hand side it is considered as a 
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form on G. Since / is fc-linear we see from this and the definition of the isomorphism 
()5.6|) that it will be enough to establish the relation 

{Fa:)SiX,iY) = -{F^)^{X,Y) 

for X, y G p. To this end, we recall that the Maurer-Cartan form on Gu satisfies 
the identities 

{eG^)oA^X) = iX,X and d0G„ + ^[eG„A0G„] =0. 

Then we obtain 

{Fa^)^(zX,iY) = (^(d^G„), + ^[^G„ AAgJ^) {iX,iY) 

= (^TTj" o (d^G J, + \ K ° d0G„ A tt" o d^Gj )j {iX, lY) 

= \ (-< ° [^c?„ A f?Gj, + o d0G„ A < o d(?Gj J {^X, lY) 
= -\[OG^f\OG^]^{iX,iY) 

= -\([{eGM^x),{eGM^Y)\ - [{OgM^HOgM^x)]) 

= - [iX,iY] 
^[X,Y]. 

A similar computation shows that 

{F^)^{X,Y)^-[X,Y]. 

This proves the claim. 

Continuing with the proof of the proposition, wc note that since the Maurer- 
Cartan form 9g G Vl^{G;l) is G-invariant, it follows that the connection 1-form 
A e ri^G; I) and hence also the form f{F^, . . . , F^) e fl'^''{X) on X is G-invariant. 
Hence the 2fc-linear form (^f{F^, . . . , F^)'^^ on p is mapped to the form 

f{F^,...,F^)en'''{Xf. 

This form is in particular F- invariant, so it follows from Lemma 15.31 that it gets 
mapped under (15. 9p to the characteristic class c(r\G). The proposition is proved. 

□ 

5.4. A proportionality principle. In order to clarify the relation between our 
results and the generalized Hirzebruch proportionality principle obtained in [171 
Sec. 4.14], we derive a corollary of Proposition 15.41 concerning characteristic num- 
bers. For any compact oriented manifold X of dimension m, we denote by 

{■,[X]): iJ'"(X;M) — >R 

the pairing of classes of top degree in cohomology with the fundamental class 
[X] £ Hm{X;M.) in the singular homology of X. Then we have the following 
proportionality principle. 
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Corollary 5.5. Write m := dim(Af ) = dim(A'„), and fix an orientation of Xu 
and M . Then there exists a real number a{T) ^ such that for any collection 
Ci, . . . ,Cr e H'{BK; R) of characteristic classes satisfying 

deg(ci) H h dcg(cr) = m, 

we have 

(ciiGu) A • • • A Cr{Gu), [Xu]) = a{T) ■ (ci(r\G) A • • • A c,(r\G), [M]). 

Proof. By the assumption and Lemma I5.3l (i) we may without loss of generahty 
assume m to be even. Since H"^[Xu;M.) = M there exists a real number a' such 
that the linear functionals 

( •,[<¥„]), (<i>r(-),[M]): H"'{Xu;R)^R 

are related by 

(•,[^„])=a'.(ci>r(-),[M]). 
Then Proposition 15.41 yields 

(ci(G,) A • ■ • A CriGu), [X^]) = a' ■ ($r(ci(G„) A • • ■ A c,(G„)) , [A/])) 

= (-1)™/^ • a' • (ci(r\G) A • • • A c,(r\G), [M]). 
This shows in particular that a' ^ 0. Now define a{T) := . a'. □ 

6. Geometric vs. universal map 

The goal of this section is to identify the universal map ac and the geometric 
map Tg up to sign. This will prove Proposition 12.21 thereby completing the proof 
of Theorem H 

6.1. Reformulation of the statement. Throughout this section, G denotes a 
semisimple Lie group without compact factors and with finite center. We keep the 
notation introduced in the last section. In particular, given a subgroup H < G we 
denote hy lh '■ H ^ G the corresponding inclusion map. 

Since if is a maximal compact subgroup in G, the inclusion lk ■ K ^ G is a 
homotopy equivalence and thus induces an isomorphism 

(B^lk)*: H'{BM;R) — >H'{B^K;R). 

Together with the isomorphism ^>g-- H'{G;R) — > H'{Xu;R) from in Sec- 

tion lS.l) this can be used to intertwine the classifiying map /g„ : Xu Bs^K oi the 
canonical if-bundle Gu —* X^ with the geometric map 

Tg: H'{BM;R) — > ff'(G;R). 

We would like to compare Tg to the universal map cg. 

In odd degrees we have H'^''+^{B^K]R) = {0} by Lemma [Ol whence Tq — ctg 
for trivial reasons. 

In even degree we claim that 

CTG = (_l)fc .Tg : H^''{BM;R) ^ i/f'(G;K). (6.1) 

This refines the statement of Proposition 12.21 We see from Corollary 13.21 that in 
order to prove (|6.ip it actually suffices to show the following proposition. 
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Proposition 6.1. The diagram 

(S.ir)* 

commutes. 



(-1)'°-Tg 



I.* 



The proof of this proposition wiU occupy the rest of this article. 

6.2. Proof of Proposition 16.11 As before, we denote by M :— T\G/K lo- 
cahy symmetric space associated to the fixed auxiliary lattice F in G. We de- 
note by /g„ '■ B^,K the classifying map of the A'-bundle Gu Xu, and 
by fr\G- ^ B^,K the classifying map of the iiT-bundlc V\G M. For every 
characteristic class c G H'^'^{B^,K;M.) wc obtain characteristic classes 

c{G,,) = f^^c e H^HXu;m and c{r\G) ^ f*^(.c e H^" {M;m 

of the bundles G„ and r\G M, respectively. Now Proposition 15.41 implies 

f*^a^ = c(F\G) = (-1)'= • $r(c(G„)) = o {{-if ■ fajc, 
thus the triangle 

H^^{B^K;m) (6.2) 



TTlk I y . 





H^''{M; 



commutes. Combining this with Corollary 15. 21 we obtain a commutative diagram 




H^''{M- 



where tr : F ^ G denotes the inclusion. (In order to keep the diagram readable 
we do not include the de Rham isomorphisms.) The last step in our argument 
requires the following lemma. We denote by fx ■ M ^ i?*F the classifying map of 
the F-bundle X ^ M. 



Lemma 6.2. The diagram 

H'^''{B^G;R) 

(B,irY 

i/2fe(B,F;M) 



H^''{B^K;R] 

fr\G 

^H^''{M;R) 



(6.4) 



commutes. 
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Proof. To show that diagram (16. 4p is commutative it suffices to prove that the 
square 



BJ<- 

fr\G 

M- 



B,Lr 



is commutative up to homotopy. So we have to show that there is a homotopy 

between maps from M to i?*G. Since homotopy classes of maps from M to 

are in one-to-one correspondence with isomorphism classes of G-bundles over M 

this is in turn equivalent to the existence of an isomorphism of G-bundles 



(B.LK o frxoTEG ^ {B,LT o fx)* EG 
over M . Now we see from the pullback diagrams 

(r\G) XK G ^ E^K xkG ^ EM 



(6.5) 



M ■ 



Jl^^B.K^^BM 



and 



V\{X X G) ^EJ- xrG ^ E^ 



M- 



B^T 



-B.tr 



B,G 



that 

{B^iK o frxcTEG - (r\G) x,,^ G and (B.^r o fx)* EG - r\(A' x G) 

as G-bundles over M. Here, in the second diagram the quotient r\(<Y x G) is taken 
with respect to the diagonal action induced by the standard left action of F on 
X = G/K and G. Thus (|6.5p is a consequence of the following fact: 

Claim. The bundles (r\G) Xk G and x G) are isomorphic as G-bundles over 
M. 

To prove the claim we write down the isomorphism explicitly. Let us use the 
notation 



^i:Pi:= (r\G)xA'G 



and 



(.91,. 92) ^ (51,5152)- 



TT2 : P2 ■■= r\iiG/K) X G) 
for the two bundles. Then the map 

ifi-.GxG — >GxG, 
descends to a map Ip: Pi ^ P2. Similarly, the inverse 

(p-^:GxG — >GxG, (51,52)^(51,51^^52) 

descends to a map P2 ^ Pi- This proves the claim and finishes the proof of the 
lemma. □ 
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Attaching diagram ()6.4p to diagram (16. 3|) from the left, we obtain a commutative 
diagram 



H^'^iB.G; M)^^^^ H^^{B,K- R) ^ ^ i/2fe(A'„; M) H^''{G; R) 



(B.tr)* 



By definition of the geometric map Tq, the upper row coincides with (—1)'^ • Tq. 
This finishes the proof of Proposition l6.ll 
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